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Whitened Neural Network (WNN)
PART 1



Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)

𝜃𝜃𝑡𝑡+1 = 𝜃𝜃𝑡𝑡 − 𝐹𝐹−1𝛻𝛻𝜃𝜃ℒ( �𝑦𝑦,𝑓𝑓 𝑥𝑥;𝜃𝜃 )



Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)

𝜃𝜃𝑡𝑡+1 = 𝜃𝜃𝑡𝑡 − 𝐹𝐹−1𝛻𝛻𝜃𝜃ℒ( �𝑦𝑦,𝑓𝑓 𝑥𝑥;𝜃𝜃 )



Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)

𝜃𝜃𝑡𝑡+1 = 𝜃𝜃𝑡𝑡 − 𝐹𝐹−1𝛻𝛻𝜃𝜃ℒ( �𝑦𝑦,𝑓𝑓 𝑥𝑥;𝜃𝜃 )



Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)
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Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)

𝜃𝜃𝑡𝑡+1 = 𝜃𝜃𝑡𝑡 − 𝐹𝐹−1𝛻𝛻𝜃𝜃ℒ( �𝑦𝑦,𝑓𝑓 𝑥𝑥;𝜃𝜃 )
𝐹𝐹: Fisher Information Matrix (FIM)

Natural Gradient Descent 
(NGD):



Relations between Network Design and Optimization

Input: 𝑥𝑥 Label: �𝑦𝑦

𝑦𝑦 = 𝑓𝑓(𝑥𝑥; 𝜃𝜃)

𝜃𝜃𝑡𝑡+1 = 𝜃𝜃𝑡𝑡 − 𝐹𝐹−1𝛻𝛻𝜃𝜃ℒ( �𝑦𝑦,𝑓𝑓 𝑥𝑥;𝜃𝜃 )
SGD: 𝐹𝐹 = 𝐼𝐼 works well.

Natural Gradient Descent 
(NGD):



Relations between Network Design and Optimization



Multilayer Perceptron (MLP)

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：MLP:



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖𝑜𝑜𝑖𝑖−1 (linear transformation)MLP:

Multilayer Perceptron (MLP)



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖𝑜𝑜𝑖𝑖−1 (linear transformation)MLP:

layer input

hidden feature network parameter

Multilayer Perceptron (MLP)



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖𝑜𝑜𝑖𝑖−1

𝜙𝜙𝑖𝑖 =
ℎ𝑖𝑖 − E[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
(batch normalization)

(linear transformation)MLP:

Multilayer Perceptron (MLP)



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖𝑜𝑜𝑖𝑖−1

𝜙𝜙𝑖𝑖 =
ℎ𝑖𝑖 − E[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)

𝑜𝑜𝑖𝑖 = max(0,𝛼𝛼𝜙𝜙𝑖𝑖 + 𝛽𝛽)

(batch normalization)

(linear transformation)

(nonlinear activation)

MLP:

Multilayer Perceptron (MLP)



• Natural gradient descent (NGD) with Fisher information matrix (FIM) 
𝐹𝐹,𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
Forward：ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖𝑜𝑜𝑖𝑖−1

𝜙𝜙𝑖𝑖 =
ℎ𝑖𝑖 − E[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)

𝑜𝑜𝑖𝑖 = max(0,𝛼𝛼𝜙𝜙𝑖𝑖 + 𝛽𝛽)

(batch normalization)

(linear transformation)

(nonlinear activation)

MLP:

Multilayer Perceptron (MLP)



WNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .

𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

A DNN with 𝑙𝑙 layers.



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

A DNN with 𝑙𝑙 layers.

Design network whose 𝐹𝐹 ≈ 𝐼𝐼

WNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]A DNN with 𝑙𝑙 layers.

WNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .

Covariance of gradients



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]A DNN with 𝑙𝑙 layers.

vectorization gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇WNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

A DNN with 𝑙𝑙 layers.

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

A DNN with 𝑙𝑙 layers.

Kronecker product

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇](mixed-product 
property)

A DNN with 𝑙𝑙 layers.

Kronecker product

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

≈ 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇] ⊗ 𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

A DNN with 𝑙𝑙 layers.

(mixed-product 
property)

(independence)

Kronecker product

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

≈ 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇] ⊗ 𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

A DNN with 𝑙𝑙 layers.

(mixed-product 
property)

(independence)

Kronecker product

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD

• Natural gradient with Fisher information matrix (FIM) 𝐹𝐹 is defined as 
𝑊𝑊𝑡𝑡+1

𝑖𝑖 = 𝑊𝑊𝑡𝑡
𝑖𝑖 − 𝜆𝜆𝑡𝑡𝐹𝐹𝑡𝑡−1𝛻𝛻𝑊𝑊𝑡𝑡

𝑖𝑖 .



• Goal: 𝐹𝐹𝑖𝑖𝑖𝑖 ≈ 𝐼𝐼. 

𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙

A DNN with 𝑙𝑙 layers. 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

≈ 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇] ⊗ 𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

(mixed-product 
property)

(independence)

Kronecker product

gradient:𝛻𝛻𝛻𝛻𝑖𝑖 = 𝑜𝑜𝑖𝑖−1Δℎ𝑖𝑖 𝑇𝑇vectorizationWNN is NGD



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑖𝑖 𝑇𝑇] ⊗𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 𝑇𝑇]

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

≈ 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇] ⊗ 𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

A DNN with 𝑙𝑙 layers.

WNN is NGD



𝐹𝐹 =

𝐹𝐹11 𝐹𝐹𝑖𝑖𝑖𝑖
𝐹𝐹22

𝐹𝐹𝑖𝑖𝑖𝑖 𝐹𝐹𝑙𝑙𝑙𝑙 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑖𝑖 𝑇𝑇] ⊗𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 𝑇𝑇]

𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[vec 𝛻𝛻𝛻𝛻𝑖𝑖 vec(𝛻𝛻𝛻𝛻𝑗𝑗)𝑇𝑇]

= 𝔼𝔼[ ∆ℎ𝑖𝑖 ⊗ 𝑜𝑜𝑖𝑖−1 ∆ℎ𝑗𝑗 ⊗ 𝑜𝑜𝑗𝑗−1 ]

= 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇 ⊗ 𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

≈ 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑗𝑗 𝑇𝑇] ⊗ 𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑗𝑗−1 𝑇𝑇]

A DNN with 𝑙𝑙 layers.

WNN is NGD

EigenNet, IJCAI17 WNN, NIPS15
GWNN, ICML17



• Approximate 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝔼𝔼[∆ℎ𝑖𝑖 ∆ℎ𝑖𝑖 𝑇𝑇] ⊗𝔼𝔼[𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 𝑇𝑇] ≈ 𝐼𝐼.

WNN is NGD
1) BN 2) Whiten forward 3) Whiten backward 4) Whiten both



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

�ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

MLP:

Whitened Neural Network (WNN)



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

�ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

min
{𝑊𝑊𝑖𝑖}

𝐿𝐿MLP:

Whitened Neural Network (WNN)



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

�ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

min
{𝑊𝑊𝑖𝑖}

𝐿𝐿

𝑠𝑠. 𝑡𝑡. E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼,

�ℎ𝑖𝑖 ≈ ℎ𝑖𝑖 .

MLP:

Whitened Neural Network (WNN)



Whitened Neural Network (WNN)

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

�ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

min
{𝑊𝑊𝑖𝑖}

𝐿𝐿

𝑠𝑠. 𝑡𝑡. E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼,

�ℎ𝑖𝑖 ≈ ℎ𝑖𝑖 .

MLP:

whitened layer input



𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

ℎ𝑖𝑖 𝜙𝜙𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

�ℎ𝑖𝑖 𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

min
{𝑊𝑊𝑖𝑖}

𝐿𝐿

𝑠𝑠. 𝑡𝑡. E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼,

�ℎ𝑖𝑖 ≈ ℎ𝑖𝑖 .

MLP:

after whiteningbefore whitening
Whitened Neural Network (WNN)



Whitened Neural Networks (WNN)

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

Forward：�𝑜𝑜𝑖𝑖−1 = 𝑃𝑃𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 − 𝜇𝜇𝑖𝑖−1 , E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼
(whitening)

�ℎ𝑖𝑖



Whitened Neural Networks (WNN)
Forward：�𝑜𝑜𝑖𝑖−1 = 𝑃𝑃𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 − 𝜇𝜇𝑖𝑖−1 , E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼

�ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖 �𝑜𝑜𝑖𝑖−1 (linear transformation)

(whitening)

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖



Whitened Neural Networks (WNN)
Forward：�𝑜𝑜𝑖𝑖−1 = 𝑃𝑃𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 − 𝜇𝜇𝑖𝑖−1 , E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼

𝜙𝜙𝑖𝑖 =
�ℎ𝑖𝑖

Var( �ℎ𝑖𝑖 )

(linear transformation)

(whitening)

(batch normalization)

�ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖 �𝑜𝑜𝑖𝑖−1

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖

(nonlinear activation)



Whitened Neural Networks (WNN)

• In WNN (Desjardins etal. NIPS15) and GWNN (Luo ICML17), E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼.

• In EigenNet (Luo IJCAI17), each diagonal block of Fisher matrix 𝐹𝐹, 𝐹𝐹𝑖𝑖𝑖𝑖 =
𝐸𝐸[𝛿𝛿 �ℎ𝑖𝑖 𝛿𝛿�ℎ𝑖𝑖

𝑇𝑇
⨂�𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇] ≈ 𝐼𝐼.

Forward：�𝑜𝑜𝑖𝑖−1 = 𝑃𝑃𝑖𝑖−1 𝑜𝑜𝑖𝑖−1 − 𝜇𝜇𝑖𝑖−1 , E �𝑜𝑜𝑖𝑖−1 �𝑜𝑜𝑖𝑖−1𝑇𝑇 = 𝐼𝐼

𝜙𝜙𝑖𝑖 =
�ℎ𝑖𝑖

Var( �ℎ𝑖𝑖 )

(linear transformation)

(whitening)

(batch normalization)

�ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖 �𝑜𝑜𝑖𝑖−1

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖
WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖

(nonlinear activation)



From WNN to Post-WNN

𝑜𝑜𝑑𝑑′
𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑑𝑑′
𝑖𝑖

post-WNN

𝑜𝑜𝑑𝑑′
𝑖𝑖−1

�ℎ𝑖𝑖

𝑃𝑃𝑑𝑑′
𝑖𝑖

ℎ𝑑𝑑′
𝑖𝑖

Forward：

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖



From WNN to Post-WNN
Forward：

ℎ𝑑𝑑′
𝑖𝑖 = 𝑃𝑃𝑑𝑑′

𝑖𝑖 �ℎ𝑖𝑖, E ℎ𝑑𝑑′
𝑖𝑖 ℎ𝑑𝑑′

𝑖𝑖 𝑇𝑇
= 𝐼𝐼

𝜙𝜙𝑑𝑑′
𝑖𝑖 =

ℎ𝑑𝑑′
𝑖𝑖

Var(ℎ𝑑𝑑′
𝑖𝑖 )

(linear transformation)

(truncated whitening)

(batch normalization)

�ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖(𝑜𝑜𝑑𝑑′
𝑖𝑖−1−𝜇𝜇𝑑𝑑′

𝑖𝑖−1)
𝑜𝑜𝑑𝑑′
𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑑𝑑′
𝑖𝑖

post-WNN

𝑜𝑜𝑑𝑑′
𝑖𝑖−1

�ℎ𝑖𝑖

𝑃𝑃𝑑𝑑′
𝑖𝑖

ℎ𝑑𝑑′
𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖

(nonlinear activation)



From WNN to Post-WNN
Forward：

ℎ𝑑𝑑′
𝑖𝑖 = 𝑃𝑃𝑑𝑑′

𝑖𝑖 �ℎ𝑖𝑖, E ℎ𝑑𝑑′
𝑖𝑖 ℎ𝑑𝑑′

𝑖𝑖 𝑇𝑇
= 𝐼𝐼

𝜙𝜙𝑑𝑑′
𝑖𝑖 =

ℎ𝑑𝑑′
𝑖𝑖

Var(ℎ𝑑𝑑′
𝑖𝑖 )

(linear transformation)

(truncated whitening)

(batch normalization)

�ℎ𝑖𝑖 = 𝑊𝑊𝑖𝑖(𝑜𝑜𝑑𝑑′
𝑖𝑖−1−𝜇𝜇𝑑𝑑′

𝑖𝑖−1)
𝑜𝑜𝑑𝑑′
𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑑𝑑′
𝑖𝑖

post-WNN

𝑜𝑜𝑑𝑑′
𝑖𝑖−1

�ℎ𝑖𝑖

𝑃𝑃𝑑𝑑′
𝑖𝑖

ℎ𝑑𝑑′
𝑖𝑖

𝑜𝑜𝑖𝑖−1 𝑜𝑜𝑖𝑖𝑊𝑊𝑖𝑖

𝜙𝜙𝑖𝑖WNN: �𝑜𝑜𝑖𝑖−1

𝑃𝑃𝑖𝑖−1

�ℎ𝑖𝑖

(nonlinear activation)



Summary



Batch Normalization (BN)
PART 2



Understand BN

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖



Understand BN

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

Activations of single neuron

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖

BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where



Understand BN
BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

�ℎ𝑖𝑖𝑇𝑇𝟏𝟏 = 0, �ℎ𝑖𝑖𝑇𝑇 �ℎ𝑖𝑖 = 𝑀𝑀(𝛾𝛾𝑖𝑖2+ 𝛽𝛽𝑖𝑖2)

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖



Understand BN

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

𝑔𝑔𝑜𝑜𝑖𝑖+1𝑔𝑔ℎ𝑖𝑖 𝑔𝑔𝑜𝑜𝑖𝑖 𝑔𝑔ℎ𝑖𝑖+1

�ℎ𝑖𝑖𝑇𝑇𝟏𝟏 = 0, �ℎ𝑖𝑖𝑇𝑇 �ℎ𝑖𝑖 = 𝑀𝑀(𝛾𝛾𝑖𝑖2+ 𝛽𝛽𝑖𝑖2)

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖

BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where



Understand BN

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

𝑔𝑔𝑜𝑜𝑖𝑖+1𝑔𝑔ℎ𝑖𝑖 𝑔𝑔𝑜𝑜𝑖𝑖 𝑔𝑔ℎ𝑖𝑖+1

𝑔𝑔ℎ𝑖𝑖+1 = 𝐽𝐽𝐵𝐵𝐵𝐵𝑔𝑔𝑜𝑜𝑖𝑖+1 , 𝐽𝐽𝐵𝐵𝐵𝐵=
𝜕𝜕�ℎ𝑖𝑖+1

𝜕𝜕ℎ𝑖𝑖+1 =
𝛾𝛾𝑖𝑖+1

𝜎𝜎𝑖𝑖+1 (𝛪𝛪 −
�ℎ𝑖𝑖+1, 𝟏𝟏 �ℎ𝑖𝑖+1,𝟏𝟏

𝑇𝑇

𝑀𝑀 )

�ℎ𝑖𝑖𝑇𝑇𝟏𝟏 = 0, �ℎ𝑖𝑖𝑇𝑇 �ℎ𝑖𝑖 = 𝑀𝑀(𝛾𝛾𝑖𝑖2+ 𝛽𝛽𝑖𝑖2)

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖

BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where



Understand BN

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

𝑔𝑔𝑜𝑜𝑖𝑖+1𝑔𝑔ℎ𝑖𝑖 𝑔𝑔𝑜𝑜𝑖𝑖 𝑔𝑔ℎ𝑖𝑖+1

tr 𝐽𝐽𝐵𝐵𝐵𝐵 =
𝛾𝛾𝑖𝑖+1

σ𝑖𝑖+1 𝑀𝑀 − 2 ,

σ𝑖𝑖+1 = 𝑓𝑓 𝛾𝛾𝑖𝑖 ,𝛽𝛽𝑖𝑖 ,𝑊𝑊𝑖𝑖 .

�ℎ𝑖𝑖𝑇𝑇𝟏𝟏 = 0, �ℎ𝑖𝑖𝑇𝑇 �ℎ𝑖𝑖 = 𝑀𝑀(𝛾𝛾𝑖𝑖2+ 𝛽𝛽𝑖𝑖2)

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖

BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where

𝑔𝑔ℎ𝑖𝑖+1 = 𝐽𝐽𝐵𝐵𝐵𝐵𝑔𝑔𝑜𝑜𝑖𝑖+1 , 𝐽𝐽𝐵𝐵𝐵𝐵=
𝜕𝜕�ℎ𝑖𝑖+1

𝜕𝜕ℎ𝑖𝑖+1 =
𝛾𝛾𝑖𝑖+1

𝜎𝜎𝑖𝑖+1 (𝛪𝛪 −
�ℎ𝑖𝑖+1, 𝟏𝟏 �ℎ𝑖𝑖+1,𝟏𝟏

𝑇𝑇

𝑀𝑀 )



Understand BN

ℎ𝑖𝑖 = 𝑓𝑓1, 𝑓𝑓2, … , 𝑓𝑓𝑀𝑀 , 𝑀𝑀 is minibatch size.

𝑔𝑔𝑜𝑜𝑖𝑖+1𝑔𝑔ℎ𝑖𝑖 𝑔𝑔𝑜𝑜𝑖𝑖 𝑔𝑔ℎ𝑖𝑖+1

𝐹𝐹(𝑖𝑖+1,𝑖𝑖+1) =
𝔼𝔼[𝑔𝑔ℎ𝑖𝑖+1𝑔𝑔ℎ𝑖𝑖+1

𝑇𝑇 ] ⊗𝔼𝔼[𝑜𝑜𝑖𝑖𝑜𝑜𝑖𝑖𝑇𝑇],

𝑜𝑜𝑖𝑖 = max(0, �ℎ𝑖𝑖)

�ℎ𝑖𝑖𝑇𝑇𝟏𝟏 = 0, �ℎ𝑖𝑖𝑇𝑇 �ℎ𝑖𝑖 = 𝑀𝑀(𝛾𝛾𝑖𝑖2+ 𝛽𝛽𝑖𝑖2)

𝑜𝑜𝑖𝑖−1

�ℎ𝑖𝑖

𝑊𝑊𝑖𝑖

ℎ𝑖𝑖

𝜇𝜇𝑖𝑖 ,𝜎𝜎𝑖𝑖 𝑊𝑊𝑖𝑖+1 𝜇𝜇𝑖𝑖+1

𝜎𝜎𝑖𝑖+1

ℎ𝑖𝑖+1 �ℎ𝑖𝑖+1

relu

relu 𝑜𝑜𝑖𝑖+1

BN BN

𝑜𝑜𝑖𝑖

BN:  �ℎ𝑖𝑖 = 𝛾𝛾𝑖𝑖 ℎ𝑖𝑖−𝔼𝔼[ℎ𝑖𝑖]

Var(ℎ𝑖𝑖)
+ 𝛽𝛽𝑖𝑖, where

𝑔𝑔ℎ𝑖𝑖+1 = 𝐽𝐽𝐵𝐵𝐵𝐵𝑔𝑔𝑜𝑜𝑖𝑖+1 , 𝐽𝐽𝐵𝐵𝐵𝐵=
𝜕𝜕�ℎ𝑖𝑖+1

𝜕𝜕ℎ𝑖𝑖+1 =
𝛾𝛾𝑖𝑖+1

𝜎𝜎𝑖𝑖+1 (𝛪𝛪 −
�ℎ𝑖𝑖+1, 𝟏𝟏 �ℎ𝑖𝑖+1,𝟏𝟏

𝑇𝑇

𝑀𝑀 )



Understand BN



Regularization in BN

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝔼𝔼[ℎ]

Var(ℎ)
+ 𝛽𝛽,  where  𝒉𝒉 = ℎ1,ℎ2, …ℎ𝑗𝑗 , … ,ℎ𝑀𝑀



Regularization in BN

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝔼𝔼[ℎ]

Var(ℎ)
+ 𝛽𝛽,  where  𝒉𝒉 = ℎ1,ℎ2, …ℎ𝑗𝑗 , … ,ℎ𝑀𝑀



sample: 𝑥𝑥𝑗𝑗
Regularization in BN

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝔼𝔼[ℎ]

Var(ℎ)
+ 𝛽𝛽,  where  𝒉𝒉 = ℎ1,ℎ2, …ℎ𝑗𝑗 , … ,ℎ𝑀𝑀



𝜇𝜇ℬ = 𝔼𝔼 ℎ𝑗𝑗 , 𝜎𝜎ℬ= Var(ℎ𝑗𝑗)

Regularization in BN
sample: 𝑥𝑥𝑗𝑗

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝔼𝔼[ℎ]

Var(ℎ)
+ 𝛽𝛽,  where  𝒉𝒉 = ℎ1,ℎ2, …ℎ𝑗𝑗 , … ,ℎ𝑀𝑀



𝜇𝜇ℬ ∽ 𝒩𝒩(𝜇𝜇𝒫𝒫 ,
𝜎𝜎𝒫𝒫2

𝑀𝑀 ), 𝜎𝜎ℬ∽ 𝒩𝒩(𝜎𝜎𝒫𝒫 ,
𝜌𝜌 + 2
4𝑀𝑀 )

Regularization in BN

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ
𝜎𝜎ℬ

+ 𝛽𝛽



𝜇𝜇ℬ ∽ 𝒩𝒩(𝜇𝜇𝒫𝒫 ,
𝜎𝜎𝒫𝒫2

𝑀𝑀 ), 𝜎𝜎ℬ∽ 𝒩𝒩(𝜎𝜎𝒫𝒫 ,
𝜌𝜌 + 2
4𝑀𝑀 )

Regularization in BN

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ
𝜎𝜎ℬ

+ 𝛽𝛽

When 𝑀𝑀 → 𝑃𝑃, 𝜇𝜇ℬ → 𝜇𝜇𝒫𝒫 and 𝜎𝜎ℬ→ 𝜎𝜎𝒫𝒫.



Regularization in BN



Regularization in BN
BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ

𝜎𝜎ℬ
+ 𝛽𝛽

Population Normalization (PN):  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇𝒫𝒫
𝜎𝜎𝒫𝒫

+ 𝛽𝛽



Regularization in BN
PN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇𝒫𝒫

𝜎𝜎𝒫𝒫
+ 𝛽𝛽

An explicit regularizer:

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ
𝜎𝜎ℬ

+ 𝛽𝛽



Regularization in BN

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝔼𝔼𝜇𝜇ℬ ,𝜎𝜎ℬ[ℒ(�ℎ𝑗𝑗𝑖𝑖)] ≈
1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

ℒ �ℎ𝑗𝑗𝑖𝑖 + 𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 𝛾𝛾2,

𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 =
𝜌𝜌 + 2
8𝑀𝑀 𝐹𝐹𝛾𝛾 +

1
2𝑀𝑀

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝜎𝜎(�ℎ𝑗𝑗𝑖𝑖) .and

PN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇𝒫𝒫
𝜎𝜎𝒫𝒫

+ 𝛽𝛽

An explicit regularizer:

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ
𝜎𝜎ℬ

+ 𝛽𝛽



Regularization in BN

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝔼𝔼𝜇𝜇ℬ ,𝜎𝜎ℬ[ℒ(�ℎ𝑗𝑗𝑖𝑖)] ≈
1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

ℒ �ℎ𝑗𝑗𝑖𝑖 + 𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 𝛾𝛾2,

𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 =
𝜌𝜌 + 2
8𝑀𝑀 𝐹𝐹𝛾𝛾 +

1
2𝑀𝑀

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝜎𝜎(�ℎ𝑗𝑗𝑖𝑖) .and

from 𝜎𝜎ℬ from 𝜇𝜇ℬ

PN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇𝒫𝒫
𝜎𝜎𝒫𝒫

+ 𝛽𝛽

An explicit regularizer:

BN:  �ℎ𝑗𝑗 = 𝛾𝛾 ℎ𝑗𝑗−𝜇𝜇ℬ
𝜎𝜎ℬ

+ 𝛽𝛽



Regularization in BN

𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 =
𝜌𝜌 + 2
8𝑀𝑀 𝐹𝐹𝛾𝛾 +

1
2𝑀𝑀

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝜎𝜎(�ℎ𝑗𝑗𝑖𝑖) .

from 𝜎𝜎ℬ from 𝜇𝜇ℬ



Regularization in BN

𝜁𝜁 ℎ𝑗𝑗𝑖𝑖 =
𝜌𝜌 + 2
8𝑀𝑀 𝐹𝐹𝛾𝛾 +

1
2𝑀𝑀

1
𝑃𝑃�
𝑗𝑗=1

𝑃𝑃

𝜎𝜎(�ℎ𝑗𝑗𝑖𝑖) .

from 𝜎𝜎ℬ from 𝜇𝜇ℬ

prevent reliance on single 
neuron.

punish gradient norm and 
correlations.



Regularization in BN



CIFAR10 (CNN6) down-sampled ImageNet (R18)

Regularization in BN



Regularization in BN

PN
BN M=64

BN M=256

down-sampled ImageNet (R18)CIFAR10 (CNN6)



Summary



Summary



Switchable Normalization (SN)
PART 3



Switchable Normalization (SN)



Switchable Normalization (SN)

�ℎSN =
ℎ − ∑𝑧𝑧∈Ω 𝜆𝜆𝑧𝑧𝜇𝜇𝑧𝑧
∑𝑧𝑧∈Ω 𝜆𝜆𝑧𝑧′ 𝜎𝜎𝑧𝑧

, Ω = IN, LN, BN ,

∀𝑧𝑧, ∑𝑧𝑧∈Ω 𝜆𝜆𝑧𝑧 = 1, ∑𝑧𝑧∈Ω 𝜆𝜆𝑧𝑧′ = 1.



Switchable Normalization (SN)

WN: 
𝒘𝒘𝑐𝑐𝑇𝑇𝒙𝒙
∥𝒘𝒘𝒄𝒄∥

IN: 
𝒘𝒘𝑐𝑐𝑇𝑇𝒙𝒙
∥𝒘𝒘𝒄𝒄∥

LN: 
𝒘𝒘𝑐𝑐𝑇𝑇𝒙𝒙

∑𝑐𝑐=1𝐶𝐶 ∥𝒘𝒘𝒄𝒄∥
BN: 

𝒘𝒘𝑐𝑐𝑇𝑇𝒙𝒙
∥𝒘𝒘𝒄𝒄∥

reg. 𝜁𝜁 ℎ 𝛾𝛾2
SN: �ℎSN = 𝜆𝜆BN �ℎBN +
𝜆𝜆IN �ℎIN + 𝜆𝜆LN �ℎLN



Switchable Normalization (SN)

When batch size decreases, LN ratio increases while BN decreases.



Switchable Normalization (SN)



Switchable Normalization (SN)



Switchable Normalization (SN)



Summary

SN would be valuable in “any” problem that needs normalizations, according 
to its theoretical property.



Instance-Batch Normalization (IBN-Net) 
and Kalman Normalization (KN) 
PART 4



Instance-Batch Normalization



Instance-Batch Normalization



Instance-Batch Normalization



Kalman Normalization (KN)
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• Propagate statistics in BN through the entire CNN by learning a transition 
matrix 𝐸𝐸.

• KN is designed for training with micro-batch.

𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍 𝝁𝝁𝒍𝒍,𝜮𝜮𝒍𝒍



Kalman Normalization (KN)
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• Propagate statistics in BN through the entire CNN by learning a transition 
matrix 𝐸𝐸.

• KN is designed for training with micro-batch.
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Recap of Results

1. Deep Learning turns optimization problem into feed-forward computations, 
e.g. WNN, GWNN, and EigenNet are NGD.

2. BN is an implicit regularizer, whose explicit form is “BN ≈ PN + Gamma 
Decay”. 
• Compute regularization in batch to replace batch statistics in BN.

3. New research direction: different normalization layers in a ConvNet use 
different normalizers.
• Switchable Normalization (SN) would be applicable in “any” problem because of its 

characteristic. 



Working Papers

 “Do Normalization Layers in a Deep ConvNet Really Need to be Distinct?”

 “Learning Sparse Switchable Normalization via SparsestMax”

• SoftMax → SparseMax  → SparsestMax

 Understanding Learning Dynamics and Generalization of SN

• Loss functions, input distributions, over-parameterization

 SNv2



Codebase

https://github.com/switchablenorms

https://github.com/XingangPan/IBN-Net

SN: Kinetics, MegaFace, GANs, …SSN, SparsestMax, SNv2 
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Kalman Normalization (KN)

True value of ℎ𝑙𝑙:

ℎ𝑙𝑙 = 𝐸𝐸𝑙𝑙ℎ𝑙𝑙−1 + 𝑢𝑢𝑙𝑙 , 𝑢𝑢𝑙𝑙~𝒩𝒩(0,𝑅𝑅𝑙𝑙)

transition matrix bias
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True value of ℎ𝑙𝑙:

𝑧𝑧𝑙𝑙 = ℎ𝑙𝑙 + 𝑣𝑣𝑙𝑙

observed value of a mini-batch

ℎ𝑙𝑙 = 𝐸𝐸𝑙𝑙ℎ𝑙𝑙−1 + 𝑢𝑢𝑙𝑙 , 𝑢𝑢𝑙𝑙~𝒩𝒩(0,𝑅𝑅𝑙𝑙)

bias
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